



































































































































Bayes Estimation

Forfrequentists

Bayes risk Bayes estimator

2 Examples
3 Conjugate priors






































































































































FrequentistMotivation

ModelP IPO.GE for data

Loss 40 d Risk R 0 8 ELL10,8411

The Baye.si is the average case risk

integrated wrt some measure Δ called for

For now assume A 1 prob meas

Later we will allow to be improper AC A

Note A and CA for 0 functionally equiv
avg risk makes sense even if we don't believe Ord

rals RCO old 110

1410,8
11 10

Eons RCO d where 0nA

E LCO ex where 0ns

Lro
now means wrt joint distr of 1

An estimator of minimizing rel 1 is called

Bayes a Bayesestima.to Dep.onP d t

r_ s E E LIO.EE IX

Note we choose this after seeing






































































































































PrioriPosterion

Usual interp of d is prior belief
about O before seeing the data

Conditional dist ACO IX called posteriordist
belief after seeing

the data

ElisteIIIifffet a 50 chance that

More on this next time

Densities prior 710 likelihood polo
Joint density Ilo po x

or f x 10

Tinaldenity qlxt f.co polx do

Posteriordensity Xlolx tf
Bayes estimator depends on posterior

IG arggin ELIO
d Ix

argyin LIO d ICO x do
El

Solve for Bayes estimator one x at a time






































































































































suppose X ftpTco.aszora
8 co for some f x

Then only is Bayes with rats cos

if only e arggin ELL o d X x a e x

Ptah again o

Proof I Let 8 be any other estimator

rats IELIELLCO.SN X x

I IELIELLCO.mx Xx
also
as take 8 8

E Define Exld IE LIO d X x

IG if Efx eargmin Ex
et 8 x so x if Ex does Excorld

dax otherwise where Exld Extols

Then Exloax e min Ex do x Ex Saki tx

with ineq strict on a set of measure O XD






































































































































feriorman
If 210 d glo d then the

Bayes estimator is the posterior mean

Eligio d Tx
IE glo Ello xJtELgCo Ix d IX

Var glo X Esco x d

why is the cess term 0

IG E glo X x

Weightedsferror
O d WCO glo d e.g

sq rel error

E Cd glo wco X

d E WCO x 2dE WCOgCo x

ELWCO g o X
dee on d

min at de 141 3937 1 51 1






































































































































ExampleiBetaBinomid
X O Biron n O 0 1 0 a
o Beta op 00 4 0

g yO is riv here

Marginal dist of X called BetaBinomial

Posterior
ICO x Xo po x EG

Go O i o o i owe can dropfactors that don't
opto ly on B Idepend on O

O Xx Betalxto n x p

ELO IX IEP

of E FB
Intery k atp pseudo trials d successes

Recall If from Lec 2






































































































































Exampley Normal mean

10 NO To e
0
202

N n t To e
0 m

01 7 no expl 4
do exp of

exploc 0

Complete square
O 60 Coa 5 class

O a c

no exp 10 5 26 2 5

ONE E

precisitweighted Farmonic mean

average of m of t

E Ix n






































































































































one.fi iiit.s.m
IO NO E

ELOI X X III m É

X ntoy.tn YET

If k oyez pseudo observations mean M

If no k data swamps prior

If neck prior swamps data

Note in both examples

Prior Likelihood have similar fan form

Posterior comes from same exp fam as prior

If the posterior is from the same family

as the prior we say the prior is

conjugate to the likelihood

Most common in exp families






































































































































Suppose

ie
For carrier to 2 define stl dim family

mktg ekm'z Katz B ka k
g z

Suff stat IR Nat param

zlx.mx q II e
A
hap

ekm'z KAG
BCkm k

cz
α eckut ETCxD z Kth Ala

joy
Mpost Ktn n

where
Mpost TX ÉTCxi

often Bayes est for Ent

then most
T I M

UMVUE from UMVUE from
data pseudo data






































































































































ConjugatePriorExan

y

O'd on s to
t

Eff
Xi O NCO o

orknown

p
e
co xiao

O Neu

If
0 4 2,2

XO Pois O x 0,1 O Gamma o s o o

OÉ gooo é

GammalPois i

O x a 00
Exi

e
s'tn o

Gamma ut Exi Stn

k s m us

to o 0 not normalizable






































































































































Flexibility of Bayes

Any A P L 910 I defined straightforwardly

Js x arginine 40 d 01 710

Problem reduced to possibly hard computation

Posterior is one stop shop for all answers

No need for
special family structure exp fam complete s.s

special estimator U estimable

convex or nice L

Highly expressive modeling estimation

Caveat Limited by ability to do computations






































































































































Source 2 Objective or vague prior

Using default prior removes subjectivity
But then what does the posterior mean

Flat prior o no 1 on

Indifferenie in 0 parameterization

Often improper AC a but usually ok

Ex O flat prior on IR

10 NCO 02

01 7 To po
x

2 e
0772oz

To N x

Jeffreys prior 710 no J 0
2

Higher density where Po changing faster

Invariant to parameterization
HW 5

Ex X On Binomen O

O no TCO Ofa no Beta s

o as as O 0 or 1
yo W

D 0.00111 0.0 3 10.4911057 o
1

7h 10 3 2n 10 4







