



































































































































Outline
1 Hypothesis testing
2 Neyman Pearson Lemma

3 Uniformly most powerful tests






































































































































Model p É ti's
Null hypothesis Ho OE o default

Alternative hyp H OE

Hypotheses should be disjoint A 0

and exhaustive UQ

Want to use data X to learn which includes 0

Inductive behavior
We either reject Ho conclude Oe or

Itoreject Ho no conclusion

Accept Ho ok as technical term but may confuse

Ho called simple if 0 composite ow

E X NCO

Ho O O vs H 0 0 composite us composite

Ho 0 0 vs H 0 0 simple us compositel

Ex Xi X P Y Ym Q

Ho P Q vs H PIQ Composite us compositel






































































































































cnn.ie iEitiiis
critical function a.k.a test function

x
0 accept Ho

IT 0,1 reject w.p.IT

reject Ho
In practice randomization rarely used x 10,13

In theory simplifies discussions

A non randomized test partitions into

R x 1 rejectionregion
A 011 1 03 afancregion

Usually defined via test statistic Tex EIR

We say reject forlargeTC if

x
0 Tex cc

1 Tex C

yep i TX c if randomized

for criticalthreshold CER

T chosen to discriminate well between Ho H






































































































































twotyee.li

evelandPower

1 Type I error Ho true but we reject

2 Type II error Ho false but we don't res

Usual goal is to minimize PH Type II error

while controlling IPH Type I error fixed α

Note if Ho composite Pho is not a well defined prob

Powerfunction B 0 IEo 0 X

IPO Reject Ho
fully summarizes test's behavior

Goal multipleobjectives multiple constraints
maximize Bp for Oe subject to Post for OE o

is a Letest loe 0 if f Bpco

Ubiquitous choice is 4 0.05

Most influential offhand remark in history of science

Question Can we find that maximizes power
eewhere on the alternative at once






































































































































Ztest
Ex Test statistic Z x NCO 1 very common

Def bequantile to I 1 d No 17 adf

dedZ test Ho O 0 vs H 030

9 x 19 to

seedZ test Ho 0 0 vs H 070

0 x 1 1 1 2 3 Could also use 6,1 1

Rejectionregions pensity

ip

É

PowerfunctionI

so






































































































































Simple ussing X P

Densities po p wit dominating measure M e.g PotP

Optimal test rejects for large values of

Likelihoodration RCA 114 po x

Likelihood ratio test LRT

1 LRIX C

Ex 2 LRIX C

O LREXI C C

C I chosen to make ME x

po under H may 5 filx dmlx Bang

Sig budget go polx dm
x Buck

Spend fixed α budget on values

that deliver greatest bang buck






































































































































Neyman Pears

Theorey Neyman Pearson Lemma

LRT with significance level d is optimal for

testing Ho X po us H X p

Proof We are interested in maximization problem

maximize IE x sit
o 447 Ed

0 X 710,1

Lagrange form

maximize E O x1 XEo d x1

foal p txt Xpolxildulxt

01 1 EY 4 deal

ay

if LR y

o if LR C X
solution s

of x
ya if LR

of maximizes Lagrangian for X c

consider any other test of x E IG E d

c o of 20
E F E E E ceo of t ca

E II of t c op t c o p maxes

Lagrangeo 4 120E E at






































































































































Ex X Binomen 01

Test Ho 0 5 vs H 0 51 at level 2 0.05

polx 1 0 1 0
x

f ox
5
49 in

Reject for large REX Rej for large

test stat X

threshold co 95ᵗʰ ite of Binon n 5

X discrete IPA g co since 2 1.05

Randomize to top off error budget

set y If Reject Ho α

In practice just reject for X c

conservative test sig level d

What about testing Ho 0 0.5 vs H O 0.508

Same test 5 2 also in






































































































































Uniformlymostpowerfultests

General Ho H simple or composite

Def If x is level o and

for any other level a test we have

0 Eod OE

then is Uniformlymost poweful UMI

Def Assume D Po OE IR has densities po
MLR in T X

pac IEI function often

whenever 0 02 as if a 0 undefined

Ex 1 param exponential family

is X
d
palx ert ACE

h x

frit
y exp 2 two n Ale AG

in TCX ETH
LRT rejects for large T if 2,730

1 small T if y 30



Theory Assume P has MLR in TCX and consider

testing Ho O vs H O Go for O E EIR

If x rejects for large x

is UMP at level α Eo X

EEnsider
any

other level a test any 0,30

is level o for Ho O 0 vs H 0 0

potty non dear in Text by assumption

is LRT βqx 0 βp 0

Note βp 0 α for 0,30 compare to x

Remains to show βyx 0 α for 0 0

Consider testing Ho 0 0 vs H 0 0 for 0 0

Then F X 1 x reject forsmall t

is LRT at level gF X 1 α

1 a βg 9 1 βp 01 for 0 00

Remark We also showed minimizes Po Type I error

for 0 00 among tests with o0 o


