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Testing with nuisance parameters

2 Conditional tests

3 Multi parameter exponential families



NuisanceParameters

Commonsety Extra unknown parameters

which are not of direct interest

P Po 0 x er Ho O vs H OE

O petrofinteest
nuisanceparameter

Issue X unknown but might affect

type I error or power of a given test

EI Xi X dN m o Y Ym N u

M W 02 unknown

Ho M W vs H M 2

0 m o X u o 02 or m

Ho 0 0 vs H 0 0

EX X P.is ulY Pois u X 1 Y
Ho Meo vs H n U

O In X Mtv

Ho O H 0



Binomial size

1 sample N Pois 10 e.g number of survey
respondents

21 sample X N n Binomial n O

Observe N X test Ho Oe vs H O

Should we

Tuse marginal dist X Pois 10.0

MLR Reject if X call upper a quantile
of Pois 15

x for 0 1
2 Use conditional dist X N n Binom n 1

2

MLR Reject if X cg n upper a quant
of Binomen

p x Po X x I N n

FLEXIN IN o Egofined o

Neither test is UMP ix m depends on nix

But is UMP in conditional problem



Ray condition on it

Basic logic why should we care N is not fixed

Condition on N treat as fixed

Conditionalmodel candidate cond distis induced by P

Q qo x n 0

N n Binom n o

MLR in X paint is optimal conditionaltest

Prep If 01 1 is level a and unbiased given next

then 06 1 is level a and unbiased marginally

Proof Eo0Cx Eo x 1461



in

N PN PN unknown

X N n Binon n

Infinite dimensional nuisance parameter P

But Can still use conditional test

Eapn 021 1 To pn I aX IN

N is sufficientstat for nuisance param PN

i.e N sufficient for model with 0 known

Conditioning on N removes P from problem

In general If next sufford saff when 0 known

then O is the only parameter of

Qa Qo X Uk n OE



Ey Comparing Poissons

X Pois n Y Pois a XHY

Test Ho Meo vs H a 2

Let N Y Pois Mtu

X N n Binon n o 0 Ii Y N x

Ho MEV O H enso 0



a.net It aan

OE IRS Xe Rr both unknown

How to test Ho OE vs H Oe

Idea Condition on U X to eliminate dep on

1 Sufficiencyreductions to text next

T 4
po t n got A 9 x

g t n

density wrt e g Lebesgue on 1125

t u dtdu push forward of h duty

qq.IT
f fia

si E
eot BulOg t u



3 Inaltest
Test Ho Oe ovs.H Oe in

5 parameter model Q qo tlu
0E

Note if s l this family has MLR in T

Even if 5 1 we still have gotten rid of 1

EI Comparing Poissons Contd

X Pois a Y Pois v7 X Y

Ho Meo vs H Mr

Pauley
m

ex og t y logo mta

want T X U x y

ex login logal
Cxtyl logs cent

Ho MEN 1097 0 v

m Condition on U X y reject for large



theorem Let P be full rank exp fam with

densities
po x got Uk ACA

h x

OE R XE R 0,1 ER open Oo possible

a To test Ho O 0 vs H O Do there is a UMPU

test x Tex U x where

tin I t cla
2 u t c u

O t c u

With cla glu chosen to make

IEO 0 x UK α

b To test Ho 0 0 vs H O 0 there is a UMPU

test x TG UK where

I a c u or cala
tin

y a t ciln
O E E aln Calu

with c.lu zila chosen to make

IEO 0 x lumen

Eo A 0 0 o UK a 0

Note has disappeared from the problem



Proofsketch

Boundary

70

1 Any unbiased test has β 0 d X

continuity of β 0,111

2 Power d on boundary Eo 0 14

UX complete sufficient on boundary submodel

3 optimal among all tests with conditional level

by reduction to univariate model



P Assume any unbiased test

f in East as Koner

Eo x infinitely diff on R can diff under

unbiased Io 017 2 1 ER

Stef Boundary submodel Po x 0 d ER

g x e
Acord

If
Po is full rank s param exp fam U X comp suff

Let flu Eo x u X n

I flux Eo x x 0

flu 0

IE x UK a 0 u

Tweedcase g
a Eo 014 4

Eo T Eo tin3 14

Eo 0 o 14

IEq.gg
u Eo x t 0 a J Ba 0o Of

Eo 014 0 conduit.veerohIo



Stef For
any

value u the conditional model is

qo
tlu e

ᵗ Bulo
glt n 1 param exp fam

In one two sided case we have shown

tin is UMP UMPU in Qa

Let x ̅ tin IE x Tex t ucxs n

IEo F tin 14 3 Eo 0 x lucxs n

α if O 00

FC in is a condie test of Ho vs H

in Qa with power at boundary

or 0 0

the ump test of 0 0,05070

in Qu which is a 1 param

exp.fam.tw
ydf5 s the ump test of 0 00 vs 0 00

among
tests with power fopower 0

0oIneithercaseyhashighercond.power
than a s



For O X E R i

Eo x Eo Eo ECT n l u

E Eo Eo yet n l u

Eo 0 41



Even if
w.PT jet umpu test at the

end conditioning on null suff stat still helps

Ex Xi X P Y Ym Q Ho P Q HP Q

Under Ho P Q Xi X Y Y P

Let Z Znem Xis r X Y Ym

Under Ho U Z Zas Zanem compl suff

Let Sam Permutations on ntm elements

x y U Unif U HE Snem

Thus for any test stat T if P Q

Pp a TCZ t u t.EE T tZ

Zt31

1pfsts
In practice we sample

mm
e g B 1000

Then Z T Z Zid Unif Stm U underHo

MC p value p It E 1 z HZ

to Unif Pts 1 if no ties

p UnifC if there are ties



amplet test n 2

Ex X X it N m o 02 0 unknown

Ho M 0 vs H n 0

pm o x et E.xi.me

EE IEi i
Optimal test rejects when T X X2

is extreme given T 11 112

If m 0 p is rotationally symmetric

X rotationally symmetric I 11 112

X 11 1124 Unif r S

where s unit circle



Geometric Picture

Xz d
X Xz line

hyglargest
values of T xitX

B
Conditioning set 11 11 S

f s

two sided p x
4 4 12 x

smallest
values of 7 11



testalistic
Above test rejects for

conditionally extreme 1 X given
11 11

equiv marginally extreme R
y

cost tax

since R 1 11 112

equiv marginally extreme T Ea t

cott 12 x



Geometricpicture

t.fiEi
ssneXzdX

Xz

pj xn
a Projixy

sf.fi

X

Next major theme ratios of projections



One samel et test

X X N m o M unknown

Ho memo vs H.in Mo

Same logic Reject for extreme x ̅ given 11 112

Reject for extreme

R

Reject for extreme

T Far
IIIa

s.EEiiii
till X xa̅yz

Proji X 12

11 11 nx ̅

Xi

Next major theme ratios of projections


